The Euler Identity – a Radial Mathematical Interpretation (1)

Introduction

The potential scope of mathematics is considerably greater than commonly realised.

Indeed what is commonly known as mathematics forms but an important though limited subset of a more comprehensive form of appreciation that  - while including all of conventional mathematics - goes immeasurably beyond in terms of the full scope of its relationships.

To put this in context we need to appreciate that there are several distinct bands of understanding with respect to development. 1 Associated with each of these bands is a characteristic method of cognitive understanding unique to that band.

The understanding that defines conventional mathematics represents but a specialised form of cognitive understanding that typifies the middle band.

However there are other important levels i.e. higher and radial with their own logical structures. 2 

Associated with these are novel mathematical systems where symbols take on unique interpretations with distinctive applications to reality.

In broad terms we can identify three major types of Mathematics.

1) Analytic Mathematics: this is what is conventionally understood as Mathematics and is defined by the cognitive understanding that defines the middle band. 3 It is based on (linear) rational interpretation, which entails an unambiguous form of logic based on asymmetric type distinction.

2) Holistic Mathematics: This is defined by the cognitive understanding that defines the higher band. It is directly based on intuitive appreciation of an unconscious kind. However indirectly this can be given rational expression through (circular) paradoxical type interpretation based on the dynamic complementarity of opposites.

Thus whereas in conventional mathematics symbols are clearly defined as suited for differentiated appreciation, in holistic terms they are given a corresponding interactive meaning suited for an overall integral meaning.

Thus it has to be clearly understood that whereas Holistic Mathematics uses exactly the same symbols as the conventional form, the actual interpretation given to these symbols is quite distinct thus serving as the basis for a unique form of integral science. 

3) Radial Mathematics: this represents the most comprehensive form of mathematical understanding where both analytic and holistic appreciation of symbols increasingly interpenetrate with each other.

It is based in turn on the cognitive understanding that characterises the radial band where both conscious (rational) and unconscious (intuitive) processes operate at an advanced level mutually enhancing each other.    

Of course in actual experience these types of mathematics are not so clearly divided especially where creative insight is required. 

However because conventional mathematics is formally interpreted solely through the analytic structures of the middle band, this creates a strong bias towards understanding that is based on this band. Therefore the other forms of more intuitive understanding only operate at an implicit level, where their true relevance is not properly appreciated      

This article - though at a very preliminary level - will later attempt to illustrate the significance of the remarkable Euler Identity from a radial mathematical perspective.

Problem with Dimensions

Though extremely successful in its chosen field of interpretation, conventional mathematics entails a somewhat reduced interpretation of concepts.

As it is reflecting the understanding of just one band of the spectrum i.e. middle, it thereby must necessarily translate all concepts through the cognitive lens of this band.

However for a truly comprehensive understanding, mathematical notions properly require the understanding associated with the middle, higher and radial bands. 4 Because conventional understanding is limited to the middle, such notions are interpreted solely in terms of this band with their inherent meaning significantly reduced and thereby substantially lost.

We could also approach this problem from a psychological perspective. Though in experiential terms mathematical activity entails the interaction of (conscious) rational and (unconscious) intuitive processes, formally mathematics is expressed in merely rational terms. So the intuitive aspect is inevitably reduced to mere rational appreciation. In this way the very manner of formal rational interpretation significantly distorts understanding of the dynamic experiential activity that is properly mathematics.  

We will now illustrate this problem further with specific reference to the mathematical concept of “dimension”.

Though in conventional terms numbers are conceived as quantities, implicit in the definition of any number is the notion of “dimension” which - in relative terms - is of a qualitative nature. 5 

This is likewise true in terms of actual experience where object phenomena that are quantitatively identified must be located against a general dimensional background of space and time (that is - relatively - qualitative in nature).  

So if we take the natural system to illustrate, it consists of the numbers (as quantities) 1, 2, 3, 4, ……  

Implicitly however, all these numbers are defined with respect to a fixed (qualitative) dimensional characteristic (i.e. exponent or power) of 1.

So the natural nos. can be expressed more fully as

11, 21, 31, 41,…..

Here numbers are defined literally in one-dimensional linear terms that can be represented by successive equal intervals marked out on a straight line.

However this uses but a merely reduced notion of dimension.

Because in conventional terms the number as quantity does not change (through being raised to the power of 1) the dimensional characteristic is seen as unnecessary in defining numbers.  

This is an extremely important point for likewise in holistic terms the rational activity of the middle band is defined in (one-dimensional) linear terms. 

In other words such rational understanding - by its nature - is unable to preserve the unique distinction of quantitative and qualitative aspects of understanding. It thereby inevitably reduces the qualitative to the quantitative aspect. 6 

Even when a number is defined initially with respect to another dimension e.g. 22, its ultimate quantitative value is expressed with reference to the default 1st dimension.

Thus 22  = 41.

Though a qualitative transformation is entailed by raising a number to any power (dimension) other than 1, this clearly is not reflected in the merely reduced quantitative interpretation of the result.

Indeed the problem here can be illustrated by representing numbers in geometrical terms.

Thus 41 would be represented in one-dimensional terms as an interval on a straight line.

However 22 would be represented two-dimensional terms as the area = 4 square units (corresponding to the square with each side = 2 one-dimensional units).  

In other words to say that 22 = 4 (i.e. 41), involves a merely reduced linear quantitative interpretation of a mathematical result (where the qualitative transformation of the units in two-dimensional terms is simply ignored).

However just as the quantitative number system is defined with respect to an invariant qualitative dimension, which is 1, in reverse fashion we can define a fascinating alternative qualitative number system with respect to an invariant number quantity (that is also 1). 

Thus the natural numbers in this qualitative number system are again defined as 1, 2, 3, 4, …., (where numbers now represent dimensions).

Expressed more fully the natural qualitative number system can be defined as 

11, 12, 13, 14, ……  

Now from a strictly quantitative point of view i.e. where numbers are defined in linear (one-dimensional) terms, in this alternative number system the reduced value of all numbers is 1. 

However if we now replace these dimensional powers with their reciprocal values (as their corresponding roots) we thereby can obtain a fascinating circular number system.

Thus (in reduced terms) 11/2 = √1 has two values i.e. + 1 and – 1 which are equidistant points (as opposite points of the line diameter) on the circle of unit radius.

11/4 = 4√1 has four values i.e. i.e. + 1, – 1, + i and – i which again are equidistant points on the circle of unit radius (drawn in the complex plane).

Then 11/100 = 100√1 has 100 values which again in geometrical terms are represented by 100 equidistant points on the same circle of unit radius (drawn in the complex plane).

Thus corresponding to the linear qualitative, is a circular quantitative number system, which is obtained by taking the reciprocals of number powers (representing dimensions). 7 Within conventional mathematics - which is analytic by nature - only a reduced appreciation of this circular system is possible. Indeed the dimensional powers - that give rise to the circular number system are literally fragmented as fractional values!

However through holistic mathematics, the appropriate qualitative appreciation of this circular number system can be given, where the higher dimensional values (as wholes) are suitably interpreted. Quite remarkably they are then seen to represent - when appreciated in appropriate scientific fashion - the structural nature of the higher dimensions (i.e. levels) of understanding (which is inherently mathematical). 8 

In other words, though a reduced quantitative appreciation of the circular number system can be expressed in terms of conventional mathematics, its direct understanding - in an inherently qualitative manner - requires holistic mathematics. 

Levels of Understanding

Before going on to consider the Euler Identity - the importance of which is intimately related to this circular number system - we will briefly demonstrate how holistic mathematics can be used to articulate the qualitative nature of higher dimensions as numbers.

We have already seen that understanding in terms of the 1st dimension (i.e. where numbers are literally interpreted in a linear fashion) corresponds to the reduced appreciation of conventional mathematics so that qualitative is necessarily reduced to quantitative understanding.  

In terms of the spectrum of development this linear dimension defines the middle band. Here mathematical understanding is formally expressed through merely rational interpretation (corresponding to the unambiguous logic of an either/or type). 9

In my treatment of development the mature intellectual understanding relates to the middle, higher and radial bands.

Each of these bands contains three major levels.

Starting with the one-dimensional middle band - which is defined in linear asymmetrical terms - we have three major levels.

The first of these - which after Piaget is often referred to as concrete operational (or conop) - relates to specific empirical type relationships (understood in an asymmetrical manner). 

The second i.e. formal operational (or formop) relates to more abstract universal type relationships (again defined in an asymmetric manner).

Conventional mathematics relies heavily on the understanding of these two levels.

The third - which can be referred to as vision-logic - relates to a more intuitive based dynamic understanding where both concrete and formal types of understanding interact in a multi-contextual fashion.  

Vision-logic would lead to the broader appreciation that mathematics is a dynamic experiential affair requiring the interaction of exterior (objective) and interior (subjective) and also individual (rational) and collective (intuitive) notions of understanding.

However though perhaps considerably inspired by spiritual intuition, in formal terms the interpretations of vision-logic are still based on unambiguous (linear) asymmetric logic.

The higher levels likewise consist of three levels, which for convenience I refer to as H1 (Higher1), H2 (Higher 2) and H3 (Higher 3) respectively. Using terminology associated with Eastern spirituality these would roughly equate with the subtle, causal and nondual realms. 10 
The very essence of these higher levels is that reason and intuition (i.e. form and emptiness) interpenetrate in an increasingly refined manner.

This entails that mathematics can no longer be interpreted in a merely rational fashion but rather in a manner where both intuition and reason are explicitly incorporated. I refer to this more interactive integral appreciation of mathematical symbols as holistic mathematics. 

From a directly spiritual perspective, H1 entails a considerable strengthening of the intuitive contemplative aspect of experience (as emptiness).

However indirectly in cognitive terms this is associated with a corresponding growth of a circular paradoxical type logic based on the complementarity of opposites.

In absolute linear terms opposite polarities are clearly separated. Thus for example what is posited in any context as objective, clearly implies that its opposite is negated.  Thus what is objective (positive) is thereby distinct from what is subjective (negative).  

However in terms of the cognitive interpretation of the higher band, these opposite polarities are now treated as complementary (and ultimately identical). In other words they are understood in a merely relative circular manner (where what is identified as positive or negative in any context is purely arbitrary). 11 

Now in terms of the first level (H1), appreciation of complementary opposites is largely confined to polarities that are understood in a conscious (real) manner. 12 

From a qualitative holistic mathematical perspective - whereas the direct intuitive insight is empty and non-dimensional - corresponding cognitive appreciation relates to the two-dimensional understanding of form.

In other words at the level of H1 - where opposite (conscious) polarities of phenomenal form increasingly interpenetrate, all relationships are understood to combine both aspects.

Whereas in linear (one-dimensional) terms, polarities such as objective and subjective are clearly separated (so that in any context only one can be posited), in circular (two-dimensional) terms, these polarities are combined in real conscious terms (as positive and negative simultaneously). 

Thus corresponding in the circular number system to the reduced quantitative interpretation of the square root of 1 is the true qualitative holistic mathematical interpretation of the power (dimension) of 2. This relates to the qualitative appreciation of all real (conscious) relationships of form as combining both positive and negative polarities.

So the reduced quantitative interpretation of the square root of 1 (with respect to the circular system), in conventional mathematics is given according to the either/or logic of clear separation. In other words in this interpretation the number can be either + 1 or – 1.

However the corresponding (unreduced) qualitative interpretation of 1 (raised to the power of 2) in holistic mathematics is given according to the both/and paradoxical logic of true complementarity (and ultimate unity). 13 
In other words in this holistic mathematical interpretation the number is both + 1 and – 1).

Thus when - in conventional mathematical terms - we express the value of 12 in quantitative terms as 1 (i.e. 11), we are thereby reducing the dynamic relative understanding, that properly characterises interpretation of mathematical symbols at H1, to the absolute (unambiguous) understanding of the middle levels.

Though we are illustrating the problem here with respect to the number 2 (as dimension) - the crucial point to grasp is that a uniquely distinct qualitative interpretation of mathematical symbols is associated with every higher power (> 1).  

In other words corresponding to the (unreduced) qualitative interpretation of each number (as dimension) is a unique form of holistic mathematical appreciation. 

The second level of the higher band (H2) involves a more intricate form of understanding which is based on the appreciation of complementary opposites in both a real (conscious) and imaginary (unconscious) manner. 14 
In qualitative terms this corresponds to understanding that is four-dimensional i.e. where positive and negative aspects of form are unified with respect to both real and imaginary understanding.

The corresponding reduced mathematical expression (in either/or logic) is then provided by the four roots of unity i.e. + 1 and – 1, + i and – i. 15 

The third level of the higher band (H3) involves the most refined form of understanding (where emptiness as spiritual intuition becomes indistinguishable from paradoxical cognitive appreciation as rational form).

Here understanding is eight dimensional where positive and negative polarities of form are unified with respect to both real and imaginary interpretation (considered sequentially) and then the four positive and negative polarities of complex form (where real and imaginary are simultaneously combined).

The reconciliation of these complex opposites of form (relating to intimate psychophysical reactions) coincides with pure intuitive awareness (as spiritual emptiness).

The corresponding reduced mathematical expression (again expressed in either/or terms) is given by the eight roots of unity. Fascinatingly the four additional complex roots - which geometrically are represented by the diagonal lines that are equidistant from the horizontal and vertical axes of the unit circle - have an equivalent expression as null lines = 0. 
In terms of strict holistic mathematical understanding of relationships, two, four and eight-dimensional interpretations are crucial. 16 
However - quite remarkably - all whole numbers (as dimensions) are associated with corresponding unique cognitive forms of mathematical understanding (of a directly qualitative nature).  

The appreciation of these cognitive forms is the task of the radial band.

Again in my approach we have three major levels.

Radial 1 is suited for enhanced appreciation of the integral dimensions (two, four and eight dimensional understanding) with their corresponding universal application with respect to an integral appreciation of reality. 17 

Radial 2 would then entail appreciation of the prime number dimensions. Just as quantitatively the prime numbers are vitally important as the building blocks of the number system, likewise in qualitative terms, prime numbers (as dimensions) equally have a vital importance in terms of articulating the basic structures of reality in a truly coherent manner (where analytic and holistic appreciation are combined in a balanced fashion). 18 

Radial 3 would then entail the enlarged appreciation of the full range of the natural number dimensions, which then would provide the most scientific appreciation of the structures applying throughout visible nature (where again analytic and holistic appreciation are properly combined). 19 
Euler’s Identity (Analytic)

We will now illustrate the nature of both analytic and holistic type mathematical appreciation with respect to the remarkable Euler Identity (firstly from the conventional analytic perspective). 

Euler’s Identity is commonly expressed as

e(i = - 1.

It is in fact a special case of the more general relationship

eix = cos (x) + i sin (x),   where x = (
When expressed in an alternative manner

e(i + 1 = 0,

the Euler Identity beautifully expresses five of the key constants in mathematics.

However an even more fundamental relationship is obtained by simply squaring both sides

So we now have

e2(i =  1

or alternatively

e2(i  - 1 = 0

So - through the inclusion of 2 - we now have six of the most important constants. We will refer to this as the fundamental Euler Identity! 20
Investment Example

Though it may not appear immediately obvious, the fundamental Euler Identity (with respect to both its analytic and holistic appreciation) is especially relevant to the developmental issues we have been discussing.  

Thus to demonstrate its meaning we will start with a simple example.

Imagine an investment of €1 which is doubled in value by the year's end so that it is now worth €2.

So we have here (1 + 1/n)n where n = 1

Now if 50% were added on at the end of each six months (with interest compounded), investment would be worth €2.25 i.e. in second period of six months 50% would be added to the €1.50 already accumulated. 

We have here (1 + 1/n)n where n = 2

Then if 8.333..,% (i.e. 1/12) were added on at the end of each month (with interest again compounded) investment would be worth €2.61 at year’s end.

So we have now (1 + 1/n)n where n = 12

If the discrete periods of time for which interest is added become so small as to be continuous, then the investment would be worth €2.72 (i.e. e = 2.718281828…)

Here we have (1 + 1/n)n = e where n → ∞  

If this same investment was to operate for 2 years (with interest still accumulating on a continuous basis) its value would be €7.39 (i.e. e2  = 7.389056). 

Here we have (1 + 1/n)2n = e2 where n → ∞

In more general terms if the investment was to continue in this fashion for x years then its value at the end of the period would be given by ex
Thus (1 + 1/n)nx  = ex where n → ∞

In the above example we are working with a strictly linear notion of time. So each year is divided into n equal time periods (which become in the limit infinitesimally small) unfolding over x years. 

Putting it another way - which will prove most helpful later - as the time periods (for which the interest is calculated) are increasingly differentiated into ever-smaller discrete intervals (as quantity), overall continuous integration of the compound interest entailed is obtained through the corresponding ever-greater increase in the number of intervals entailed (as dimension).

The in the limit when the discrete intervals become infinitesimally small - and their corresponding number infinitely large - differentiation (of discrete time intervals) can no longer be distinguished from integration (where compound interest relates to all intervals). 

So the differential of ex is also ex. Alternatively the integral of ex is ex. 21 

If however we were to now imagine however a circular notion of time, it would operate in a cyclical fashion so that with each full revolution we would be back at the starting point with our investment worth again exactly €1.

As we know the formula for the circumference of circle is 2(r.

Thus for the unit circle (i.e. where radius = 1 unit) the circumference would be 6.28 units (correct to 2 decimal places)

However in important respects this is but a linear way of approaching the circular notion.

In other words in linear logic we can only think of the circle in terms of sequential movement. Thus if I start at a certain point and move - say - in a counter clockwise direction I will arrive back at the same point (having traced out 6.28 units).

However the imaginary notion really relates to a different logical system from the real (where opposite polarities are combined).

So if we could - literally - imagine a situation where we could move in both directions simultaneously we would trace out an “imaginary” circle without leaving the initial point. So the circle would now be truly non-dimensional (i.e. without finite measurement).

Thus to capture the essence of this true non-dimensional circle, we use the imaginary - rather than the real - radius.

Thus the circumference of the circle (which as a symbol is represented as O) is literally empty (nothing) when defined in imaginary terms.

Though this is embodied in the fundamental Euler Identity, its deeper significance cannot be grasped in terms of conventional mathematical understanding.  

In other words though the imaginary notion can be indirectly incorporated in a necessarily reduced fashion within conventional mathematics, its true nature relates to a distinctive both/and logical system (which is the basis of holistic mathematics).        

Thus from a holistic mathematical perspective, circular notions operate on a distinct logic from linear. So in circular terms, complementary positive and negative aspects are simultaneously combined. 

Therefore if we start moving around a circular circumference we stay at the same point though moving in opposite directions. In other words we simultaneously move clockwise and anticlockwise with both cancelling out so that the starting position remains unchanged.

However linear notions by contrast operate through the alternative either/or logic.

Thus we can move in either a positive - or relatively negative - sequential direction (but not in both simultaneously).

Therefore if we take the linear notion as "real" then the circular notion is "imaginary".

Now if in the conventional manner we label the horizontal axis as "real" in the complex plane then the vertical is "imaginary". Thus we can represent the radius of the circle (of 1 unit) either in real or imaginary terms (i.e. by 1 or i).

So the circular circumference – relating to a counterintuitive notion e.g. of the progress of time - can be represented as 2(i

Therefore when with our investment we progress through one complete circular revolution (in time) its value is now exactly the same as the "starting" value i.e. €1.

We have here,

e2(i = 1 (as the basic growth formula for the true circular notion of time).

So at the end of each circular cycle (through progression through 360 degrees) the investment is worth exactly its starting value i.e. €1.

The dimension of e i.e. 2(i =0. 

Thus we have the beautiful connection between the geometrical symbols of the line and circle and the corresponding numerical values of 1 and 0 respectively. So the wonderful mysterious connection that links both line and circle (i.e. circumference) on the one hand and the fundamental numerical digits of 1 and 0 is the imaginary - rather than the real - use of the numerical unit (with the circumference of the unit circle = 2(i).

We have to remember that in conventional mathematics, reduced interpretations of notions exist (where the qualitative is reduced to the quantitative).

Thus in holistic mathematics terms, circular (imaginary) are qualitatively distinct from real (linear) notions and relate to different logical systems. In the circular system opposite polarities are simultaneously combined; however in the linear they are clearly separated.

The quantitative representation of the unit circle is indeed based on the combining of opposite polarities. Thus conventionally values on the real (horizontal) axis to the right of centre are positive and values to the left are negative. Likewise on the imaginary (vertical) axis values above the central point are positive and values below negative respectively.

However though in simultaneous terms these positive and negative values cancel out, in actual representation they do not.

Thus on the real axis + 1 – 1 = 0; likewise on the imaginary axis + i - i = 0. However in the actual representation of the unit circle the diameter = 2. Thus negative notions are reduced to positive and imaginary to real.

However if we try to appreciate the imaginary as it truly is, then positive and negative polarities are inherently combined leading to zero (in real terms). In other words the circle - which initially is given real representation (with finite lengths to the radii) - shrinks as it were in purely imaginary terms to a point. In other words the circle (that is conceived as having an imaginary radius) is truly non-dimensional having condensed to a point (where all real notions of linear measurement disappear).

In other words to preserve the qualitative distinction of linear and circular notions (in holistic mathematical terms) we must relate the line and circle as real to imaginary with respect to each other rather than real to real (as in conventional terms).

Again the circular circumference of the unit circle in conventional terms is given as 2(r (where r is given in real terms = 1). Thus the circumference = 6.283185307…

However this is a merely reduced linear interpretation of the notion of a circle.

Thus if we were to use this value in our investment example it would amount to considering the exponential accumulation over a linear period of 6.28 years approximately i.e. e6.28.    

However in correct holistic terms - whereas the line (and thereby linear notions) are one-dimensional i.e. = 1 - the circle (and thereby purely circular notions) are non-dimensional i.e. = 0. 

And we simply derive this correct non-dimensional notion of the circle by using the imaginary rather than the real value for the radius.  

Thus the circular circumference from this perspective - which condenses to a point literally without linear dimensions - is now non-dimensional (= 0).

Thus when we now consider our investment in truly circular non-dimensional terms, its value will be given as e2(i = 1.

In other words its value will not have changed from its initial state.

However strange things happen before we complete the imaginary circle.

Though we can only hope to illustrate this in a manner, which is necessarily reduced, it might help to think of the circle represented by a clock. 

Now the real hand initially stretches along the full length of the positive x-axis (as 1 unit). However the imaginary hand of the same size lies hidden underneath the real. Now as we trace our journey around the circle, the real hand remains fixed and the imaginary moves out from the under the real hand. Thus both real and imaginary hands are in view. 

When the imaginary hand has traced out 180 degrees (in a contraclockwise direction) it lies directly on the negative x-axis (representing  - 1 units).

So our investment (with half of the circle completed) would be given by

e(i = - 1.

With a quarter of the circle completed the imaginary hand would lie along the positive imaginary axis with a value of €1 given by

e(i/2 =  i

With three quarters of the circle completed the imaginary hand would lie along the negative imaginary axis with a value of € - i given by

e3(i/2 = - i 
Then with four quarters (i.e. all of the circle) completed the imaginary hand would once again lie along the positive real axis with a value of €1 given by

e4(i/2  =  e2(i  =  1.

Fundamental Euler Identity  (Holistic)

To understand the true holistic - as opposed to merely analytic - notion of the circle we need to appreciate a little regarding the nature of mystical development.

In Eastern traditions the concept of bindu is used in meditation, which literally represents the concentrated centre of awareness (as a non-dimensional point).

Here because all phenomenal linear notions of space and time are dissolved, one enters a void of pure spiritual awareness. Though this is literally nothing (in phenomenal terms) yet it equally represents the potential for emergence of all created reality. Thus the non-dimensional is very closely related to the infinite dimensional aspect of reality and ultimately merges with it.

Let is look at each of these mathematical symbols from a holistic viewpoint.

e together with ( are the best known of the transcendental numbers.

In analytic terms a transcendental number cannot be rational. 

In holistic terms this means that it represents the relationship between circular and linear notions of meaning and thereby combines both. Thus there is both a finite aspect to a transcendental number (in that its value can be approximated in finite terms) and an infinite aspect (in that the value continues indefinitely and cannot therefore be represented by a rational number). 

Just as in analytic terms e measures growth that is continuous, likewise in holistic terms e represents organic growth that is dynamically continuous.

In actual experience development entails the twin processes of differentiation and integration.

Differentiation - in interpreting phenomena as relatively independent - relates directly to the linear aspect of (rational) form. By contrast integration - in establishing their holistic interdependence - relates to the circular aspect of (spiritual) emptiness.

With highly refined development, the manner of differentiation becomes increasingly dynamic whereby separate linear aspects are eroded. This in turn enhances qualitative (integral) appreciation of their interdependence.

In other words as human development approaches its zenith, the processes of (horizontal) differentiation and (vertical) integration become increasingly continuous with each other. As spiritual writers from various mystical traditions attest, at this point distinct (differentiated) phenomena become so highly integrated through spiritual awareness that they no longer even seem to arise in experience. 

So this highly refined experience, (linear) form is dissolved through the deep experience of (circular) emptiness.

This leads to a purely non-dimensional experience of emptiness or nothingness (in phenomenal terms).

So with truly continuous growth in human terms - where the twin processes of differentiation and integration become inseparable - one enters a spiritual experience that is non-dimensional (i.e. that remains continually in the present moment).

Because of the high degree of spiritual refinement attained, one is thereby enabled to switch instantaneously as between extremely refined rational (analytic) and pure intuitive (holistic) appreciation of phenomena.

So remarkably this experience of emptiness then coincides with the rebirth of the entire world of form (in an extremely refined manner).

And this relationship is wonderfully displayed by the fundamental Euler Identity (when given its true holistic interpretation).

So continuously refined growth, that is experienced as the non-dimensional spiritual experience of emptiness (i.e. nothingness) then coincides with the linear world of form.

So e0   =  1 (strictly 11)

As we have seen the circular 0 (representing dimension) = 2(i.

Indeed the spiritual journey is frequently expressed in a circular manner.

One starts out from the self in search of true realization. Initially one tends to view the journey in reduced linear terms through the desire to make progress in the spiritual life. However gradually as one switches from a conscious (real) to an unconscious (imaginary) mode of awareness, linear dualistic notions are gradually eroded.

So eventually when the full circle is completed one realizes that in truth no movement has taken place. In other words the Spirit (though not initially realised) was and is now ever present as the same moment continually renewed. Paradoxically however the illusion of the linear journey was necessary before realising this fact.

So instead of measuring the journey in the conventional real fashion (which entails the perpetuation of conscious understanding) one learns to gradually convert as it were to a different imaginary or unconscious mode of understanding where linear notions lose their residual meaning. Thus through pure spiritual intuition - representing the deep refinement of unconscious understanding - progression always entails regression with both cancelling (as phenomenally understood) in the present moment. 

Now perhaps it would be fruitful to dwell a little longer on the holistic mathematical significance of the imaginary notion, which truly is of enormous significance but not commonly appreciated.

From a scientific perspective, real notions relate directly to conscious (rational) type understanding.

However actual experience entails the interaction of both conscious (rational) and unconscious (intuitive) processes. Therefore science is necessarily reduced when it attempts to deal with experience in a solely real (i.e. rational) fashion.

By nature such understanding is dualistic where opposite polarities such as objective and subjective are clearly separated.

This enables the unambiguous positing of phenomena in experience (e.g. as objective)

The unconscious then seeks to reconcile these opposite polarities that are not recognized at the conscious level.

Thus for the unconscious to operate, what is posited at the conscious level must be likewise negated.

However when conscious understanding is rigid (i.e. with over attachment to what is posited) the unconscious operates in a likewise rigid manner.

The unconscious then expresses itself in an indirect conscious manner through uncontrolled projection.

However when the conscious - freed from undue attachment to phenomena - is enabled to operate in a flexible manner, then the unconscious if free to do likewise. It then behaves in a refined manner where projections become highly transparent as archetypes of Spirit.  

So the unconscious inherently is two-dimensional combining opposite polarities (positive and negative). These arise through negation (of what has been consciously posited).

It then expresses itself - through projection - in a reduced linear manner.

So we have here in the very nature of projection the exact holistic equivalent of an imaginary number.

In holistic terms, 1 symbolises (linear) form. In other words for experience of any distinct form, its unique identity (or oneness) must be recognised.

Now form in unconscious terms is inherently circular (of a two-dimensional nature) and arises as the negation of linear form (that has already been posited). 

This is then expressed in reduced linear terms as (unconscious) projection.

In other words this would be expressed in holistic terms as

x2  = -1; i.e. the two-dimensional unconscious arises through negation of one-dimensional (posited) form 

Therefore x =√-1 or i. In other words the indirect linear expression of the unconscious (as projection) is of imaginary form.

In other words all phenomena in experience have both real and imaginary aspects.

The real aspect arises from direct conscious recognition; the imaginary arises from indirect conscious recognition (as the holistic expression of the unconscious).

Therefore in truth all phenomena are complex (with both real and imaginary aspects).

Though conventional mathematics does indeed recognise both real and imaginary quantities, it operates from an analytic paradigm that is solely real in qualitative terms. In other words the holistic aspect of mathematics - that is qualitatively imaginary - is not incorporated into understanding.

So in quantitative terms we have real numbers and imaginary numbers (in isolation) and complex numbers (when combined with each other).

Likewise in qualitative terms we can have real and imaginary numbers (in relative isolation) and complex numbers (where both are combined).

These qualities refer to the paradigms - or more correctly metaparadigms - that define analytic, holistic and radial mathematics respectively.

Radial mathematics is thereby complex (in qualitative terms) combining the interaction of both real (analytic) and imaginary (holistic) modes of understanding. 

So growth in purely circular terms involves no movement in time (once the imaginary circle has been completed).

However just as earlier with growth in our investment in circular time, human growth unfolds in an apparently strange manner throughout this journey.

Once again, 1 in holistic terms is associated with the world of (conscious) form, which is posited unambiguously in experience.  

However as the spiritual journey unfolds - with the consequent switch from rational conscious to intuitive unconscious type experience - this world of form must thereby be negated.

Thus the “dark night of the soul” in mystical literature relates to the profound negation of conscious dualistic type phenomena. In other words it relates directly to the negation of real notions of form, which in holistic terms is represented by 

– 1, as the halfway point on the circular journey.

Then as the conscious is gradually eroded, the unconscious becomes freer to project itself into consciousness in an imaginary form. In the context of mystical development this happens in an increasingly refined manner where projections represent transparent archetypes of Spirit.

So this positing of imaginary form (i.e. as the indirect expression of the unconscious) is represented holistically by the imaginary unit i.e. i.

This is represented by the quarter mark on the circle.

Then with three quarters of the journey completed we hit the – i point. This in turn now represents the profound negation of indirectly inspired consciousness of imaginary form. 22
Then with all dualistic phenomena of either a conscious or unconscious nature dissolved one then enters non-dimensional awareness (as the pure experience of spiritual emptiness).

In the mystical traditions this is frequently represented as a point (or singularity) of concentrated meaning. So at this stage the illusion of the phenomenal circle has now completely disappeared (having collapsed to a non-dimensional point).

However remarkably having completed this illusionary journey one realises that no movement has taken place.

Thus the experience of pure emptiness (as qualitative non-dimensional experience) is equally the experience of unity that coincides with the rebirth of the world of (conscious) form. 

So when appreciated in holistic mathematical terms, the fundamental Euler Identity is saying something truly remarkable about the nature of human development (at the peak of spiritual realisation).

However because we are not accustomed to viewing mathematical relationships through the understanding inspired by refined spiritual intuition we are not equipped to properly see this preferring instead to restrict ourselves to the more restricted rational mode of linear interpretation. 23 
With the radial band all these previous understanding i.e. non-dimensional, linear and higher dimensional understanding are increasingly combined in a harmonious interactive fashion. 

And as we will shortly see that The Euler Identity has a great deal to tell us about the holistic nature of these higher dimensional structures.

Fundamental Euler Identity and the Circular Number System

Earlier in this article I outlined the nature of the qualitative number system (i.e. where numbers represent dimensions with respect to an invariant fixed unitary quantity).

Though in direct terms true significance of this qualitative system relates to the fundamental structures of development and requires holistic mathematical understanding, indirectly it can be given a reduced quantitative interpretation (in circular terms) through using the reciprocals of whole dimensions i.e. by extracting corresponding roots of unity.

Though it is possible to extract roots – in algebraic form - as solutions to the equation xn = 1 (for low integral values of n), it becomes increasingly difficult for higher values.

However one of the remarkable applications of the generalised Euler Identity is that it provides a ready and easy means of extracting all these roots.

So

e2(i =  cos 2( + i sin 2(   (where 2(, measured in radians = 360 degrees)

      = 1 + i (0)  = 1  (more correctly  11)

Thus e2(i =  11

We can then extract the roots of any number from this base result.

For example if we wished to extract the third root of unity (i.e. 11/3) we obtain

e2(i/3  =  cos (2(/3) + i sin( 2(/3)   

                         = cos (120o) + i sin(120o) 

= - .5 + .866 i   i.e.   (1 + √3 i)/2

Thus e2(i/3   = 11/3   = - .5 + .866 i

The other two roots would then be

e4(i/3   = 12/3   = - .5 - .866 i, and

e6(i/3  = 13/3   = 1 (i.e. 11)

Thus associated with the respective roots of any (whole) number is a unique fractional number in the qualitative number system.

Thus though we may loosely say (from a reduced quantitative perspective) that 1 has many roots, properly understood each root is associated with a unique fraction (in the dimensional number system).

However, though there is also a unique interpretation associated with each integral dimension (or power) of 1, this is not reflected in the conventional analytic perspective. Once again the unreduced interpretation of integral dimensions requires holistic mathematical appreciation!

Because it is so important, let us examine closely again the conventional way of interpreting higher dimensions of 1.

So 12 for example is given as

e4(i  = cos 4( + i sin 4(   = 1

However in holistic terms though linear (one-dimensional) understanding is based on the unambiguous positing of unitary form (+ 1), two-dimensional understanding is based on the relative and paradoxical complementarity of opposite polarities of form  (i.e. + 1 and – 1). 

Thus what is + and – keep switching here depending on context.

Therefore from a proper two-dimensional perspective 12 can be equally given as (- 1)2

In other words from the interpretation that properly characterises two-dimensional interpretation + 1 = - 1. 

So we are switching here from the either/or logic of linear (one-dimensional) understanding to the both/and logic of circular (two-dimensional) appreciation.

Thus in one dimensional terms + 1 ≠ - 1 (separate opposites)

However in two-dimensional terms + 1 = - 1 (complementary opposites)

We can perhaps appreciate the problem here more closely by considering the nature of circular revolution.

Now 2( implies just one full revolution. So if we start at + 1 then a full revolution brings us back to the same starting point.

However the actual fixing of this starting point is arbitrary.

Thus if we initially identified + 1 as the opposite point (by switching the designation of the positive and negative real axes), then a full revolution would bring us back to a different starting point (directly opposite the first).

Again in one-dimensional either/or logical terms we must start with either point before tracing out a circular revolution.

However in two-dimensional both/and logical terms, we simultaneously start from both points.

Then with 14  = e8(i, the reduced linear interpretation will entail four circular revolutions from a fixed starting point designated as 1 (thus culminating also in 1).

The correct holistic interpretation will envisage four staring points (as equidistant points on the units circle in the complex plane).

In other words the starting location of what is designated as 1, – 1, i and  - i, is purely arbitrary and in effect these positions keep switching between each other.

So in correct four-dimensional terms 14  = (- 1) 4 = (i)4 = (- i)4. So from this perspective 

1 = - 1 = i = - i.

(We will demonstrate the precise relationship as between the analytic interpretation of fractional roots and holistic interpretation of integral powers in a further article!)

However the true significance of dimensional powers relates to the extraordinary fact that all structures of development (physical and psychological) are fundamentally encoded in this mathematical fashion.

I have commented before on the great integral importance of 2, 4 and 8 dimensions.

The holistic operational system for reality can be seen to be based on three fundamental polarities.

Thus operating within each level we have real polarities of form that are internal and external with respect to each other; operating between each level we have polarities that are whole and part with respect to each other and finally operating simultaneously within and between levels we have the most fundamental polarities that are form and emptiness with respect to each other.

When we deal with the integral nature of reality in terms of complementary opposites that are considered in a conscious (real) fashion we are dealing with a two-dimensional appreciation (Integral 1).

When we deal with the integral nature of reality in terms of complementary opposites that are both conscious (real) and unconscious (imaginary) with respect to each other we are dealing with the four-dimensional appreciation (Integral 2).

Finally when we deal with the integral nature of reality in terms of complementary opposites that are both conscious (real) and unconscious (imaginary) with respect to each other in a relative sequential manner and then also simultaneously conscious (real) and unconscious (imaginary) with respect to each other, we are dealing with the eight-dimensional approach (Integral 3).

Integral 3 appreciation is sufficient to construct a holistic Theory of Everything with respect to development. In other words all the underlying structures of reality can be successfully encoded in this manner.

Now the actual formulation of the Integral 3 approach, through generalised linear structures of form, is itself a product of Radial 1 understanding. In this context I would view my own efforts as a preliminary Radial 1 model.   

However there are many further higher dimensions (besides 2, 4 and 8).

Though I am venturing forward into territory that I have not yet properly mastered, I would suggest that a special significance would attach to the prime number dimensions (which combine elements of both linearity and circularity).

For example this prime dimensional understanding could prove invaluable in terms of formulating the holistic nature of strings. Thus there are phenomenal layers of reality - below the threshold of what is clearly observable - where prime number dimensional understanding may prove of invaluable service.

Such prime dimensional appreciation would be representative of a Radial 2 approach.

Finally we have all the other composite natural dimensions, which I believe will prove of great value in structuring natural phenomenal reality (where analytic and holistic understanding is coherently combined). 24 

Such natural dimensional appreciation would be then representative of a Radial 3 approach.       

Conclusion

We have traversed much important ground here in a necessarily condensed fashion. Further points will however be developed in the second part of this article.  It may help at this stage to briefly summarise some of the main conclusions.

Conventional mathematics is limited by a merely linear form of interpretation where the qualitative aspect of interpretation is necessarily reduced to the quantitative.

There are in fact two complementary number systems (a) where numbers directly represent quantities and (b) where numbers directly represent qualities (i.e. dimensions). However in conventional interpretation the second is invariably reduced to the first.

However because the second really conforms to a different logical system, circular rather than linear means of interpretation are required for its appreciation. So another form of mathematics i.e. holistic mathematics (that is directly based on the circular logic of the dynamic complementarity of opposites) is required for the qualitative interpretation of mathematical symbols.

The combined interaction of both linear (analytic) and circular (holistic) appreciation gives rise to Radial Mathematics. 

We then briefly showed how this alternative appreciation of number (as holistic dimension) can be used to precisely structure the nature of the higher levels of cognitive understanding (in true scientific manner).

The importance of the Euler Identity (or fundamental Euler Identity as defined in the article) is that it essentially relates to the circular interpretation of number. Thus its true significance is of a direct holistic nature with extremely important implications for development.

To clarify its nature we demonstrated the analytic growth of an investment firstly in linear and then in circular terms. The fundamental Euler Identity can then be seen to incorporate a circular notion of dimension.

We then approached growth in human developmental terms again showing how the circular notion of dimension is deeply embodied in the various accounts of the nature of advanced spiritual attainment. 

So in holistic terms the fundamental Euler Identity is expressing in a mysterious yet fully scientific manner the supreme nature of creative development. 

Finally just as this Euler Identity can be fruitfully used to precisely discover in quantitative terms all the numbers in the circular system (i.e. as roots of unity), equally it can be used in holistic terms to discover in a direct scientific qualitative manner all of the higher dimensions of understanding.

And all of the structures of reality can then be fundamentally encoded in terms of the mathematical interpretation of these higher dimensions.     

Notes

1. In my approach the bands represent the most general classification of development stages where four (lower, middle, higher and radial) are defined.

Each band then contains three distinct levels (1, 2 and 3) respectively giving 12 levels in all.

2. Conventional intellectual discourse is primarily based on the understanding of the middle band where rational asymmetric distinctions of an unambiguous kind are used. 

However a very distinctive type of intellectual discourse emerges when understanding that is appropriate to the other bands (esp. higher and radial) is employed.

Though clarification of the levels of the other bands (esp. higher) to a great level of detail are available through the various mystical traditions, typically such understanding is confined to the appreciation of spiritual contemplative states.

What is still greatly lacking however is appropriate understanding of the nature of these bands in terms of structures of form.

So for example very distinctive types of mathematics - based on a fundamentally distinctive logical basis - are seen to be associated with the higher and radial bands when both the states and structures appropriate to these bands are dynamically combined.

3. Conventional mathematics is heavily based on the rational interpretation associated with both concrete operational and formal operational understanding. Both of these are based on the use of linear type logic (entailing unambiguous asymmetric distinctions). 

4. Though a unique form of understanding is also associated with the levels of the lower band, this is necessarily of a somewhat confused nature. So the mature forms of intellectual understanding would be largely limited to the middle, higher and radial bands (though strictly an important dynamic complementarity applies to all bands).  

5. As will be explored at greater length in the second part, the quantitative identification of phenomena in experience necessarily takes place against a background dimensional framework that is strictly qualitative in nature.

This entails that the identification of such quantitative notions (as perceptions) entails a corresponding qualitative dimensional appreciation (as concepts). For example though we can identify numerous number quantities as perceptions, the concept of number (i.e. as the quality which all numbers inherently possess) is strictly formless.

So in dynamic terms there is a ceaseless dynamic interplay in experience as between perceptions and concepts (and concepts and perceptions) where quantitative and qualitative aspects interpenetrate. 

However - as with all dynamic relations - such understanding is necessarily of a merely relative nature. 

So if we initially fix the appreciation of the perception as (consciously) quantitative, then - relatively - appreciation of the corresponding concept will be (unconsciously) qualitative.

However if we change perspective and initially fix appreciation of the concept (consciously) as quantitative, then - relatively - appreciation of the corresponding perception will be (unconsciously) qualitative.    

Now when - as in conventional mathematics - only the conscious appreciations of symbols is formally recognised, this inevitably leads to the reduction of qualitative to quantitative characteristics.

So for example - in reduced interpretation - the number concept is misleadingly identified as actually applying to all number perceptions within its class, leading directly to a confusion of finite with infinite notions.

More correctly - in unreduced interpretation i.e. where both conscious and unconscious processes are recognised – the number concept potentially applies to all number perceptions (as infinite) but does not actually apply to any specific perception (as finite). To maintain otherwise inevitably leads to the reduction of qualitative to mere quantitative appreciation.  

Put another way, the belief in the absolute validity of mathematical relationships simply entails a basic form of reductionism (where the qualitative is not properly distinguished from the quantitative aspect of appreciation).

Once we seek to interpret mathematics in an unreduced fashion  - where conscious and unconscious processes are explicitly recognised - all relationships are seen to have a merely relative validity. 

6. Strictly speaking a double form of reductionism is involved.

Thus the qualitative is reduced to the quantitative when conceptual recognition follows from the relationship between perceptual data i.e. when mathematical conclusions are induced from data.

The quantitative is then in reverse manner reduced to the qualitative when empirical results are deduced from conceptual hypotheses. 

7. The direct interpretation of the circular number system is however of a qualitative rather than a quantitative nature (requiring holistic mathematical appreciation). 

8. It is my contention that the fundamental holistic structure of reality can be precisely expressed in terms of three sets of polarities. In turn the unreduced mastery of the interactive dynamics associated with these polarities precisely defines the corresponding structural nature of the three higher levels (H1, H2 and H3 respectively) corresponding to the higher band. 

H1 entails the mastery of the complementary nature of real polarities of form exterior and interior (and interior and exterior) operating within a given level. These relate to conscious type appreciation of reality.

H2 then entails the mastery of the complementary nature of imaginary polarities of form whole and part (and part and whole) operating between different levels. These relate to indirect conscious appreciation (i.e. as unconscious projection) of reality.  

H3 entails the additional mastery of the complementary nature of complex polarities (that approach being simultaneously real and imaginary) operating both within and between different levels. These relate insofar as is possible to pure spiritual appreciation of reality and relate to appreciation of the basic relationship as between form and emptiness (and emptiness and form).

So in holistic mathematical terms the higher levels are holistically structured in terms of 2, 4 and 8 dimensions respectively.

9. When we attempt to express relationships - appropriate to both/and logic through the lens of either/or logic they appear paradoxical. However such apparent paradox is intuitively obvious to understanding in terms of the appropriate former logic. 

10. Once again though the contemplative states associated with the higher levels have been delineated to an extraordinary degree in the Eastern mystical traditions, no equal emphasis has been given to scientific clarification of the corresponding refined structures of form associated with these levels.

Though it is certainly true that the appropriate structural forms (e.g. cognitive) associated with the higher levels cannot be properly appreciated in the absence of the corresponding spiritual states, it is likewise true that proper intellectual development at the higher levels cannot unfold in the absence of the appropriate structures of form.

11. The purely relative nature of polar opposites in dynamic interaction with each other is well expressed in the saying attributed to Heraclitus “the way up is the way down: the way down is the way up”. So the choice of what is “up” and “down” is purely arbitrary depending on context. 

If for example I give directions telling a person to take a left turn on certain road this is meaningless until I define from which direction along the road the left turn is approached. So every left turn is equally a right turn when one switches direction along the road.

12. Again the characteristic approach of (analytical) science is linear (or one-dimensional) where polar opposites are clearly separated before being unambiguously posited. So just as in conventional mathematical terms the one root of 1 is + 1, likewise in holistic terms the manner of conventional science relates solely to the real (conscious) positing of form.

However the characteristic approach of the (integral) science of H1 (the first of the higher levels) is two-dimensional where polar opposites are understood as complementary in real (conscious) terms. In other words polar opposites are explicitly understood to have both positive and negative aspects (deriving from keen appreciation of their merely relative nature in dynamic interaction with each other).    

13. Once again though the appreciation of complementary type relationships entails paradox (through the attempt to filter such understanding through conventional linear logic) in terms of its own inherent logic (e.g. two-dimensional at H1) such appreciation is intuitively obvious. 

14. I demonstrate later how the holistic appreciation of the imaginary concept in mathematics provides an exact scientific interpretation of unconscious projection (which is the manner in which the unconscious enters conscious experience).

15. Though there is necessarily a profound holistic interpretation likewise associated with the 3rd dimension, this does not operate in a strictly integral fashion (i.e. where opposite polarities are balanced in experience). So the integral dimensions necessarily entail integral powers of 2.

However we can say that the 3rd dimension in holistic terms will probably be the most important in terms of fundamental structuring of prime (primitive) reality as for example at the level of strings where symmetric and asymmetric features are inextricably linked.

I also have long suspected that it has a profound relevance to the Riemann Hypothesis.  

16. Though again there is necessarily a holistic interpretation to be associated with the dimensions representing higher integral powers of 2 (i.e. 2 raised to the power of 4, 5, 6,…) I believe that the first 3 are necessary and sufficient to provide a basic holistic Theory of Everything. At level 3 interpretation of form becomes so refined that it becomes inseparable from emptiness. In other words the diagonal lines representing the four additional complex roots of unity (now yielding 8 in all) have dual interpretations of form (as complex expressions) and of emptiness (as null lines).  

17. I would characterise my own recent work (of which this article is an example) as a preliminary Radial 1 approach, which is still highly general and fundamental (suited more for holistic than analytic appreciation of reality).   

18. Though I hope to develop this more in the second part of this article, just as there is an important complementarity as between lower and higher levels, equally there is an important complementarity as between lower and higher number types (which scientifically define the various levels).

Thus for example there is an important complementarity as between prime and transcendental numbers (in holistic terms). 

19. Likewise there is an important complementarity as between natural and (algebraic) irrational numbers. 

20. This simple reformulation of the identity includes 0, 1 and 2 as well as (, e and i. It also contains the basic mathematical operations of addition, subtraction, equality, multiplication and exponentiation. 

21. Though it may not appear immediately obvious there are strong links as between the analytic notions of differentiation and integration (in conventional mathematics) and the holistic mathematical notions of differentiation and integration (in developmental psychology).

22. It would be a mistake to attempt to view such spiritual “progress” in a linear manner. Thus in experiential terms, the pure imaginary projection of phenomena (from the unconscious) will commence before full dynamic negation of conscious form is obtained. However - though there is a necessary overlap as between conscious and unconscious - the later stages of higher contemplative development are indeed characterised more by the negation of imaginary (or virtual) rather than real phenomena. 

23. Though this again will be developed in the second part corresponding to each major number type (as quantitatively understood) is a corresponding holistic meaning where the number type represents a fundamental metaparadigm for scientifically interpreting reality.  

For example the rational numbers comprise one important subset of the full set of number types (as quantitatively understood). 

And corresponding to this rational subset we have the (positive) rational metaparadigm, which provides the conventional mode of scientific appreciation.

However what is not realised is that equally we have important metaparadigms associated with negative, (algebraic) irrational, transcendental, imaginary, complex and transfinite numbers.

So these number types - as qualitatively appreciated in holistic manner - give rise to important scientific metaparadigms with their own characteristic applications to reality. 

24. Again it is important to stress that there exists an important complementarity as between “lower” and “higher” number types. So prime numbers for example are complementary with transcendental and natural with (algebraic) irrational. So with the full development of the scientific appreciation of Radial 3, a mastery of all number types both with respect to their analytic and holistic significance can exist. 

The Euler Identity – a Radial Mathematical Interpretation (2)



